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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination

Numerical Analysis

1) Assume that, using some iterative method, we have obtained an approximate solution
I for the system of linear equations Az = b, with A an invertible, square matrix. Let
e = x — I be the error vector and r = Ae the residual vector, and K(A) the condition

number of A.

a) Show that the relative error ﬁ lies in the interval below:
L il [
, K(A)
K(A) ol 1]

b) Discuss whether the following claim is true or false:

Relative error % is small if and only if H is small.

c¢) Discuss whether the following claim is true or false:

Relative error % is small if and only if K(A) is small.

2) For f(z) = —— show that

az+b
(—a)" 7 1
Tlyeer, Ty, T] =
f[ 1, a’na] aw‘i‘bkl;[lamk‘i‘b
where, x,x1, ..., 2, are distinct points in the domain of f.

3) Let w be a weight function on [a,b]. We recall that two real-valued functions f,g €

L?[a,b] are called orthogonal if

(f,9) = /aba)(m)f(x)g(x)dx =0.

Now let {p,, } be a sequence of orthogonal polynomials with degree of p,, equal to n. For
parts (a) and (b) below, assume ay, is the leading coefficient in pj (i.e., the coefficient

of z*).



a) Show that there exist constants ay, # 0, 3,, and v, # 0 such that

pn(x) = (anz + Br) Pn—1(z) + Yo pn—2(x) forn=1,2,...

where p_1(z) = 0. In addition, we have:

G # 0, on=— Qn (pn—lapn—l)

Ny =
" Qp—1 Qp—1 (pn—2apnf2)

b) Show that if {p,} is orthonormal, then for = # y we have

kznjopk(:v)pk(y) = < an > <pn+1(fv)pn(y) —pn+1(y)pn(x)>

an+41 r—Yy

4)
a) Show that |z||c = (zTCz)Y/2, € R", for an n x n symmetric positive definite
matrix C' is a norm in R".
b) Consider the problem,

min [ D(Az - b)[

where A,m X n,m > n, D, a diagonal matrix with nonzero diagonal entries, and
b € R™ are given. Discuss the conditions for existence (or nonexistence) of the
solution, uniqueness (or nonuniqueness) of the solution, being local or global, and

method for finding a solution (if it exists).
c¢) Assume C' is symmetric and positive definite. Consider, the problem
min || Az — b|c.
Give your discussion as in (b) for this new problem.

5) Assume m is an odd number and ¢ = GT‘H’. Consider the m point Newton-Cotes, Q nc(m),
for estimating definite integrals. In each case below, show that Qyc¢(,) computes the

exact value of the integral.

a) I = ff(m — ¢)¥dx, where k is an odd number.

b) I = f;p(:v)d:v, where p(z) is a polynomial of degree m.



6) Consider the following differential equations:

y" =5y +6y=3x+1

with the boundary conditions:

Use three hat functions (linear splines) as the basis on [0, 1] and derive the finite element

approximation for the above problem.



