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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination

Optimization

(13 points) 1. Assume z¥ is a feasible point for the problem

min z=c'z
(fﬁ TER™
T _
st.  ajz <b, 1=1,....m

and s° is a given vector having the same dimension as x.

3 points a) What condition must hold on o > 0 so that 29 — 050 is feasible?

1 points b) What conditions must hold on s° so that 2" —os" will reduce the objective function

value relative to the point 207
3 points ¢) What conditions must hold on s° so that (P) is infinite?
3 points d) What conditions must hold on s° so that 2z — 059 is feasible for all & > 07

3 points e) Assume that (P) has an optimal solution. Prove or refute the following statement:
aZ-TsU >0=cls? <0, ¢=1,...,m.

(10 points) 2. Assume that X is a nonempty and bounded polyhedron and the problem

min = Lz
TxERM
(P) s.t. Ax > b
re X

has an optimal solution. Prove that the optimal objective function value for (P) is the

solution of the problem given below:

max{w’ b + min(c’ z — w? Az)}.
w>0 zEX



(10 points) 3. For the problem given below, assume Y a; > Y b; and ¢;; > 0, for all ¢ and j:
i J

Minimize 2z = Z Z CijTij
i

s.t.

(1) injgai, 1=1,...,m
J
[

.’L‘Z'jzo, ,i:1,...,m,j:1,...,n.
Prove that at any optimal point for this problem, the constraints given as (2) are
satisfied by equality.

(17 points) 4. Assume that c is a subset of R” and h : ¢ — R!.

6 points a) Assume c is convex and h is differentiable on c. Prove that h is strictly convex

on c¢ if and only if
h(y) > h(z) + vTh(x)(y —z) Vz,y €c,x #y.

3 poitns b) Assume c is open and convex, and h is convex and differentiable. Show that z* € ¢

is a global minimizer of A on ¢ if and only if
vh(z*) = 0.

6 points ¢) Assume c is open and convex, and second partial derivatives of h are continuous
on c. Prove that h is strictly convex on c if and only if the Hessian of h on c¢ is

positive definite.
2 points d) Assume c is open and convex, and h is strictly convex on ¢. Prove that if z* is a
local minimizer of h on ¢ then z* is a unique global minimizer of h on c.

10 points) 5. Let Q(z) = 327Gz + gTz + b and z € R".
2

2 points a) Assume that G is positive definite. Show that the unique global minimizer of
@ exists and is the solution of Gz = —g. (Why is the solution the unique global

minimizer?)



2 points b) Consider

min  Q(z)
(P) B
st. Ax=1b

write down the Lagrangian function for (P) and set up the first order necessary

conditions for a local solution of (P) as a syotem of equations.

3 points ¢) Assume the rows of A are independent. Show that for any feasible solution z of
(P), if the first order necessary conditions are satisfied at = then A, the associated

Lagrange multiplier vector, is unique.

1 points d) Assume b = 0 and the columns of A are independent. Show that for any (z,\)

satisfying the first order necessary conditions, we have =z = (.

2 points e) Assume yy¢g(z*) = 0 and the rows of A are independent. Show that for any (z*, \)

satisfying the first order necessary conditions, we have A = (.



