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Ph.D. Entrance Examination

Optimization

1. Assume A is an m X n matrix.

a)

Assume b; > 0, i = 1,...,m. Show that if for every nonnegative vector x we have,
Az <b=c'z2>0
then for every nonpositive vector A we will have:
ATx<ce=bv"'A<0.

Is the claim still true, if we drop the assumption b; > 0,4 =1,...,m? Give reasons

for your answer.

Assume ¢; > 0,72 = 1,...,n. Show that if for every nonpositive vector we have,
ATx<e=b"A<0

then for every nonnegative = we will have,
Az <b=c'z>0.

Is the claim still true, if we drop the assumption ¢; > 0,7 = 1,...,n? Give reasons

for your answer.

Show that if there exist © nonnegative and A nonpositive satisfying the system
(R) Az <b, ATx<c

then z* nonnegative and A* nonpositive exist satisfying (R) and ¢’ z* = b7 A*. For

such z* and \*, can we say ¢! z* = b7 \* = 07 Give reasons for your answer.



2. Consider the following problems:

min ¢

(P)

max

max

(R)

z
Ax =0
x>0

In answering the following parts, you can use any results from linear programming

provided you state them clearly.

a) Show that (P) is infeasible if and only if (Q) is unbounded.

Give reasons for proving or refuting the claims stated in parts (b)-(e) below.

b) (P) is infeasible if and only if (R) is unbounded.

c) If (Q) has an optimal solution then (R) has an optimal solution.

d) If (R) has an optimal solution then (Q) has an optimal solution.

e) If (Q) is unbounded then (R) is unbounded.

3. For problem

(P)

a) write down the Kuhn-Tucker conditions for its solution.

b) Explain how you can modify the simplex method for linear programming problem

to solve for the solutions of the conditions in (a).

c) Does (P) always have a solution? If the answer is negative, state the conditions

under which the problem (P) has a solution.



d) Is every optimal solution for (P), a global solution? Give reasons for your answer.

4. Let S be a convex subset of R". A function f : S — R is said to be quasi-convez if for

all z,y € S and all 0 < A < 1 we have

fAz + (1= Ny] < max{f(z), f(y)}.

a) Show that a function f is quasi-convex on a convex set S if and only if for all real

a, the set S, = {z € S: f(z) < a} is convex.

b) Suppose S is convex and open and f is a differentiable function on S. Show that

f is quasi-convex if and only if for every x,y € S, we have,
fl@) < fly) = v i) (@ —y) <0

5. Let A be an m X n matrix and consider the linear programming problem below:

min (c'z + M Y y)
i=1
P(M): st. Az +y=0b

z,y >0

Suppose there exists My for which the problem P(Mj) has a finite solution. Show that

there exist M; and an extreme point [Z] for the feasible region of P(M) such that:

a) For each M > M the problem P(M) has a finite solution.

b) The extreme point [Z:] is an optimal solution for all programs P (M) for M > M;.

Ax =)
¢) Show that if the system { $> 0 is feasible, then y* = 0 and that z* is optimal
:E —_—

for the problem below:

min ¢’z

P: st. Arx=0b
x>0



