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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination

Combinatorics

All answers must be supported by appropriate reasoning, proofs or counter-examples.

(10 points) P1. Given 693 nonzero natural numbers (repetition is allowed) with the total sum 1384,
prove that one can produce all natural numbers from 1 to 1383 as partial sums of these

given numbers.

(10 points) P2. 5 Show that there does not exist any block design with parameters v = 21, k = 6

and A = 1.
b. Does there exist a symmetric block design with parameters v = 10 and k£ — X = 3.

¢. Deduce necessary conditions for partitioning the edge set of the complete graph
K into copies of K, such that this set of necessary conditions is also sufficient for

the case n = 13.

(10 points) P3. Define the graph T, as follows,

VT) € (x| n€85,} & ET,)E {nm | V1<i<n () #m0)}

n

in which S, is the symmetric group of all permutations on n letters.

a. Determine the mazimum clique number, w, of the graph T .

b. Let a, be the number of cliques of size w in 7). Determine an upper bound and

a lower bound for a, (better bounds and proofs receive more credits).

(10 points) P4. Let G be a directed graph and A be its adjacency matrix (with entries

0 and 1). We say that the vertex a; is adjacent to the vertex a, if a,a; € E(G).

a. Prove that G does not contain a cycle of even order if and only if

per(A+I) =det(A+1I).



b. Assume that the in-degree and the out-degree of every vertex of G is equal to

d > 7. Prove that in this case G necessarily contains a cycle of even order.

(10 points) P5. Let Q be a finite group with the identity element 1, and let X be a subset of 2 such
that,
e 1 & X.
ezeX & zleX.
Also, let T' be a subgroup of © such that TN X = (). Define the simple graph G(Q2, T, X)
on the left cosets of I' in ) as follows,

V(GOQLT, X)) ¥ {al' | a€Ql,

and the vertex al’ is connected to the vertex bI' if and only if there exists x € X such

that al'z N b # (.

a. Show that the simple graph G(€,T", X) is well-defined, i.e. show that the definition
does not depend on the choice of representatives and also show that al is connected

to bI' if and only if bI" is connected to al'.
b. If XT'X NT = {1}, compute the degree sequence of G(Q,T, X).

c. Can the following graph be represented as a G(£2,T', X) for some Q, I" and X7




(10 points) P6. The graph n-cube, @, , also can be defined as follows,

def def def
Ql = K17 Q:) = K27 Qn = Qn_l XK‘_)?

where x is the Cartesian product of graphs. Let n = 2m — 1 and let S be a subset
of vertices in (), such that the distance of any two vertices in S is at least m. Prove
that |S| < n + 1. Also, provide an example to show that equality may occur (i.e. this

inequality is sharp).



