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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination

Geometry - Topology

Answer siz questions from the following ten. Write the numbers of questions chosen on

the cover of the answer book; otherwise only the first six answers will be graded.

1) Let X be a (non-empty) compact Hausdorff topological space. If X has no isolated

points (i.e., points z such that {z} is open), show that X is uncountable.

2) Let S be a smooth surface in R? with everywhere positive Gaussian curvature. Prove
that every point  on S has a neighborhood in S all whose points lie on the same side

of the tangent plane to S at z.

3) M and N are two smooth manifolds and f : M — N a smooth one-one immersion. For
each of the following conditions investigate whether the addition of that condition will

make f(M) a submanifold of N with induced topology:

a) f(M) is closed as a subset of N.

b) f is proper, i.e., for every compact set K C N, f'(K) is compact.

4) Let S = {(z1,72,73,24) | > 27 = 1} be the unit sphere in R*. Show that T'S3, the

tangent bundle of S3, is homeomorphic to S% x R3.

5) Investigate thoroughly the orientability of the real projective n-space, RP(n), for each

n.

6) For a smooth vector field X = X1% + XQ% + X3%, define curl X by:

o (o Oy 0 (0% 0%y 0 (0% 0% D
cur oy 0z ) O0x 0z Jr ) Oy oz Oy ) 0z
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8)

9)

10)

Suppose that Y and Z are two smooth vectorfields in R? and X is everywhere per-

perdicular to curl X, Y and Z. Show that X is everywhere penpendicular to [Y, Z].
Show that the fundamental group of a topological group is abelian.

Let D be the disk {(z1,...,7,) | > 22 < 1}, n > 2, and suppose that p and ¢ are two

distinct points of D. Compute the homology groups of D — {p, q}.

The subspaces A, B and X of R? are defined as:

A={(z,y,2) | 2> +y* =1,z =0}
B={(z,y,2) | 2* +2* =1,y = 0}
X=AUB

write down the Mayer-Vietoris sequence of (A, B) for homology or cohomology. De-
scribe the homomorphisms explicity. Use this sequence to compute the homology (or

cohomology) of X. (You may assume knowledge of the homology or cohomology of A

and B).

For the figure OO, two covering spaces are depicted below. In each case describe
explicity the group of covering transformations. If we write the covering space as P :
(X', zy) = (X, mg), investigate whether P, (X', z{) is a normal subgroup of 71 (X, z¢)

in each case.




