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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination

Geometry - Topology

Answer siz questions from the following ten. Write the numbers of questions chosen on

the cover of the answer book; otherwise only the first siz answers will be graded.

Note that in the following problems S” is the n—dimensional unit sphere.

1) Which of the following statements is true (prove or disprove):

i) If the graph of a map f: R — R is connected, then f is continuous.

ii) If the graph of a map f : R — R is path connected, then f is continuous.
2) Find all finite groups that act freely on S*.

3) The space X is obtained from a 3-simplex by identifying the edges as shown in the

following figure:

Compute the fundamental group of X.

4) Compute the homology groups of S' x S? and S' v §% v $3. (Notice that two spaces

have isomorphic homology groups).
5) Show that S! x S? is not homotopy equivalent to S* v S? v S3.

6) Let S be a connected smooth surface in R? such that its principal curvatures are constant

and equal. Show that S is a part of a sphere or plane.



7)

8)

9)

10)

Let a be a smooth closed 1-form on S?. Show how to construct a smooth map f : $? —

R such that a = df.
Show that there is no immersion from RP?2 into R2.

Consider GI,,(R) as the open subset of n x n— matrices with det # o. Let X : M —
M-A,Y : M — M- B be two vector fields on Gi,(R), where A, B are n X n— matrices.

Show that the Lie bracket of X and YV is [X,Y]: M — M - (AB — BA).

Let w be a smooth 1-form on the open subset U C R" such that w(z) # 0 for every
x € U. Show that dw = 0 if and only if L, w = 0 for every smooth vector field on U

such that w(X) = 0.



