t-(v, k) trades and ¢-(v, k) Latin trades

E. S. Mahmoodian* and M. S. Najafian’

Abstract

Let [n] denotes the set {1,2,...,n}. At-(v,k)trade T = (T1,T%)
is a pair of two disjoint collections of k-subscts of [v] (called blocks) such
that for every t-subsct of [v], the number of blocks containing this subsct
is the same in both 77 and T5. By imposing some order on each block,
t-(uv, k) trades may be generalized to t-(v, k) Latin tradces. ¢-(v, k) trades arc
uscful in the study of block designs, while £-(v, k) Latin trades arc related to
Latin squares and orthogonal arrays.

Here we show relations between these two combinatorial objects and
present some new results on the spectrum (that is, the set of allowable vol-
umes) of £-(v, k) Latin trades. By this method we produce some ¢-(v, k) trades
with previously unknown volumes.
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1 Introduction and Preliminaries

Works on trades in designs originated in the 1960s, although the idea behind a
trade was used much earlier than this, in other forms. See [12] and [3] for some
surveys. Later, trades were defined in the area of Latin squares. For this concept
other terminology has also been used in the literature, such as “disjoint and mu-
tually balanced” (DMB) partial Latin squares by Fu and Fu (see for example [8]),
as “exchangeable partial groupoids” by Drapal and Kepka [7], as a “critical par-
tial Latin square” (CPLS) by Keedwell ([14] and [15]), and as a “Latin inter-
change” by Diane Donovan et al. [5], and recently as a “Latin bitrade” by Drépal
et al. (see [6], [17], and [11]). See [4] for a recent survey. A Latin bitrade
(P, Q) is a pair of two disjoint scts of ordered triples from [v] such that for cach
(i,4,k) € P (respectively, @), there exists unique i’ # i, j' # j, and &' # k such
that:
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e (i', 4, k) € Q (respectively, 1),
e (i,j', k) € Q (respectively, ), and
o (i,j, k') € Q (respectively, ).

Latin bitrades arc rclated to Latin squares and orthogonal arrays. Let ¢, &, v, and
A be positive integers with ¢ < k. An N X k array A with entrics from [v] is
said to be an orthogonal array with v levels, strength ¢ and index A, denoted
by OA;(v,k, A), il every N x t subarray of A contains cach t-tuple based on
[v] exactly A times as a row. We may look at an orthogonal array A as a multiset
whosc clements arc its rows. If 4y and A5 are two orthogonal arrays OAs (v, 3, 1),
then (T, T5), where Ty = Ay — Ay and Ty = Ay — A, is a Latin bitradc.

This lcads us to the definition of ¢-(v, k) Latin trades [16]. Let [n]’ denotes
the set of all ordered I-tuples of [n]. For ¢ < k and I € [k]' with compo-

nents in strictly increasing order, we let [v]} := {(uy, ..., u)r | u; € [v],i =
1,...,t}. For a pair of clements of [v]* and [v]}, where I = (iy,...,i;) we de-
finc (w1, ..., u)r € (x1,...,04) &= uj =u;;, j=1,...,t. Apair (T1,T5)

of two disjoint collections of the clements of [v]* is called a #-(v, k) Latin trade
if for each I € [k]! with components in strictly increasing order, and every el-
ement (uy,...,us)s of [v]%, the number of elements containing (u1, ..., us); is
the samc in both 74 and Ts. Clearly, |T)| = |T>| and this common valuc is called
the volume of t-(v, &) Latin trade. By this definition, every Latin bitrade (7, @)

is a 2-(v, 3) Latin trade. Note that the converse may not be truc.

Example 1 The following is an example of a 2-(4,3) Latin trade T = (T,T>)
which is not a Latin bitrade.

=
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Co o = W= NN
Lo LN DN DN =
W N WN N H DN =
W N = =N

Lemma 1 Ler Ay and Az be two OA (v, k, A), then (1), T) where T) = A) —As

andTy = As— Ay isat-(v, k) Latin trade. Conversely, for any t-(v, k) Latin trade
(T, T>), there exist two orthogonal arrays OA, (v, k, X'), namely By and Bs such

thatT) = By — Bo and Ty = By — By.

Proof. The first statement is clear from the definitions. For the converse, let
(T1,7%) be a t-(v, k) Latin trade. Assume that the maximum number of repeti-
tions of blocks in 77 is equal to m. Let B; be a multiset which contains each



clement of V¥ exactly m times. So By is an OA, (v, k, X'), with ' = muF—¢,
Now we construct By from By, by replacing the elements of T with the ele-
ments of Th. DBy is also an OA, (v, k, mv*~"), and we have 77 = By — D> and
TQ = BQ — B] . |

For simplicity, the notation of ¢-Latin trade is commonly used in this paper.
As in #-trades, a ¢-Latin trade T = (Ty,73) is called trivial if Ty = To = 0,
that is a ¢-Latin trade of volume 0. The largest subsct of [v] which is covered
by 77 and T3 is the same and it is called the foundation of 7" and is denoted
by found(7"). The spectrum of a ¢-(v, k) Latin trade, denoted by S(¢, k), the
same as #-(v, k) trades, is the sct of all possible volumes of ¢-(v, k) Latin trades
(t and k arc fixed and v is free). In general, repeated clements in 77 and 75 arc
allowed. As it is pointed in [16], any -(v, k) Latin trade T = (7, T>) may be
associated with a homogencous polynomial (x4, xa, .. ., ), of order &, whosc
terms arc ordercd multiplicatively (mcaning that for example for i1 # iy the
term x4, Ti, Ty, - -y, 1s different from z;, 4, x4, - - - 24, , etc.). For example a
polynomial representation of the Latin trade given in Example 1 is as follow.
T=T —Ty= (21 — ) (w1 — @) () — w2) + (o — x3) (w2 — x3) (w3 — x4).
An cxample of a 3-(v,4) Latin trade of volume 12 is given in Theorem 8. Any
t-(v,t + 1) Latin trade of the following form is called a ¢-(v, ¢ + 1) intercalate:
(w3, — iy )(wiy —wjy) - (w5,,, — 2, ), where iy, and j, € [v], and for cach /,
i; is distinct from j;. Note that the volume of any #-(v,  + 1) intercalate is cqual
to 2¢.

Present authors have studied the spectrum of #-(v, k) Latin trades in [18].
Mahmoodian and Soltankhah [19] studied the spectrum of ¢-trades of designs and
conjectured that:

Conjecture 1 [19] For each s; = 211 — 29Ut~ (< § <t + 1, there exists a
t-(v, k) trade of volume s;.

Conjecture 2 [19]| For any s € (si,8:41), 0 < i < t, there does not exist a
t-(v, k) trade of volume s.

On the spectrum of ¢-trades of designs a lot of work has been done and Conjec-
ture 1 is proved to be true [10], and some results on Conjecture 2, have indications
of its possible validity (see [19], [13], and [1] and their references). Similar con-
jectures arise in the study of #-(v, k) Latin trades.

In this paper, first, we discuss some relations between ¢-(v, k) trades of de-
signs and ¢-(v, k) Latin trades. Using these relations, we show how to construct
(previously unknown) ¢- (v, k) trades of volumes s = 3-2¢ — (2% + 2% 4 1), when
a+b<t+1l,ands =3 -2 — (29 + 1), when a < t + 1. We show that the
structure of ¢t-(v, k) Latin trades of volume 2¢ and also some other special Latin
trades, are unique up to paratopism, i.e. they are in the same main class. Also, we
determine the spectrum of 4-(w, 5) Latin trades precisely.



2 Relations between ¢-(v, k) trades and ¢-(v, k) Latin
trades

In the following we generalize the concept of main class and paratopism which is
defined for Latin bitrades (sce [20]) to ¢-(v, k) Latin trades.

Let T = (7T1,7T3) be a i-(v, k) Latin trade. The following propertics arc im-
mediate from the definition.

1. Interchanging the i'" and j'* component in each element of 7} (and of Tb),

produces a t-(v, k) Latin trade.
2. Applying any permutation on symbols [v], results in a ¢-(v, k) Latin tradc.

3. Let {xy,..., 2} be the sct of '™ components of all clements of 7} (and
of T5), and let g1, . ..,y be [ arbitrary clements, then any one-lo-one cor-
respondence f : {x1,...,2;} — {y1,...,y} produces at-(v', k) Latin
trade

Two t-(v, k) Latin trades 7" and R are called to belong to the same main class,
or they are paratopic, if 7' is obtained from I? by applying a finite sequence of
three operations above.

In our discussion we need to define levels of a trade as follows. We may
decomposce a ¢-Latin trade 7' and obtain some (¢ — 1)-Latin trades. Let T =
(Ty,T») be a t-(v, k) Latin trade and let j € [k] and = € [v]. Fori = 1 and 2,
let T) = {(x1,...,2)| (1,...,2¢) € T; and 2; = z}. Delete « [rom the
§® coordinate in all of the elements of 7/ (for i = 1 and 2) to obtain T}'. Now
T" = (T7,T4)isa (t — 1)-(v', k — 1) Latin tradc, which is called a level trade
of 1" in the direction of j.

Remark 1 Let T = (T1,T%) be a t-(v, k) Latin trade of volume s and for every
J € [k], l; be the number of non-trivial level trades in the direction of j. Let
w = max?zllj. Then T is paratopic to a t-(w, k) Latin trade.

Theorem 1 By using any t-(v, k) Latin trade T' of volume s, we can obtain a
t-(v', k) trade of the same volume, where v' = Z?:l l;.

Proof. Let 441 = [l]} and flj = {(Z;;ll lb) + 1, (Z:;ll lt) + 2, ey .;li:l li},
2<j<kandv = ij:] l;. Clearly, A;,NA; = 0 for cach distinct pair i, j € [k],
and |4;| = ; for cvery clement j € [k], i.c. theset A = {41, 4y,..., Ak} is
a partition of the sct [v']. Also, there is a one-to-one correspondence between
the set A; and the sct of j*% component of all clements of 7 and 75. By sub-
stituting the set of j'' component of all elements of 7} (and Tb) with the ele-
ments of A;, respectively we obtain a ¢-(v', k) Latin trade T* = (T, T;) which
is paratopic to T' (see Example 2). Now the components of each element of



T (T5) arc pair-wisc distinct, for the j'B component is an clement of A;. Take

Ry = {{x1, ...,z }|(x1, .. xp) € T}, i = 1,2. Two collections Ry and R»
have the following properties:

(I) Every clement (block) of R;, ¢ = 1,2 is a k-subsct of [o'].

(2) U B ={uy,...,24} € R;, then cach clement of B belongs 1o exactly one
element of A.

(3) Rl N R2 == @
It is trivial to sce that R = (Ry, Re) is a t-(v', k) trade. |
Example 2 In the following a 2-(3,3) Latin bitrade T = (T, T3) of volume 7 is
given. T T

Lo W DN DN =
O DN W N N
N W — NN —
W W o~ —
O DN W N N
LN W =N

In this Latin bitrade we have I} = I, = I3 = 3, s0 T = (T7,T5) is as in the
following:

T T;
T 4 7] 1 4 8
15 8/ |1 5 7
2 4 8| |2 4 7
2 5 7/ 12 5 9
2 6 9/ |2 6 8
35 9 |3 5 8
36 8 |3 6 9
Now take ~ R; = {147, 158, 248, 257, 269, 359,368}  and
Ry = {148,157, 247, 259, 268, 358, 369 ).

We sce that R = (R, R») is a 2-(9, 3) tradc of volume 7.

Theorem 2 [f there exists a t-(v, k) trade of volume s, then we can construct a
t-(v, k) Latin trade of volume s(k!).

Proof. Let R = (Ry, Ry) be at-(v, k) trade of volume s. Take 75 (i = 1,2) as
follows:

Ti={(xi,wiy, -y wi )| {xr,we, .oy} € Ry {in, .- dk ) = [K]}

The following properties are true for two collections 7% and T5,.



(1) Componcnts of cach ordered k-tuples of T; (7 = 1, 2) arc pair-wise distinct.
(2) Eachblock B = {1, 29,..., 21} € R; givesrisc to k! clements in Tj.
3 TiNT, =0.

@ [T\ = |T2| = s(kY).

We show that T = (Ty,Tb) is a t-(v, k) Latin trade. Let I be an element of [k]!
with components in strictly increasing order and let I = (ay,...,a;); € [v]5.
There are two cases to consider:

Case 1. At lcast two components ol ordered #-tuples (ay,. .., a,) arc cqual.
In this casc by property (1), there is no clement of 77 and 75 which contains
(a1, ...,a;);.

Case 2. The components of ordered ¢-tuples (ay, ..., a;) arc pair-wisc dis-
tinct. Consider t-subsct H = {ay,...,a;} of [v]. The number of blocks of R
and R, which contain H, is the same, say Ag. Assume B € R; is onc of the
blocks which H C B. By (2) there cxist, exactly, (k — #)! clements of T; (rc-
lated to I3) which contain [. Therefore the number of clements of 77 and 75
which contain I = (ay,...,a;)s, iscqual to Ag(k — t)!. SoT = (T1,T5) is a
t-(v, k) Latin trade ol volume s(k!). |

Remark 2 Bean et al. in [2] have produced Latin bitrades from 2-(v, 3) trades
similar to the one in Theorem 2.

3 Obtaining ¢-(v, k) trades from ¢-(v, k) Latin trades

Present authors obtained results about ¢-(v, k) Latin trades similar to the claims
of Conjectures 1 and 2. We state them in the following.

Theorem A [18] For each s; = 21T1 — 2(+1)—i <i <t+1, thereexistsa
t-(v, k) Latin trade of volume s;, with k > t + 1.

Theorem B [18] For any s ¢ (2!T! — 204D—i oltl _ olt+)=GH+1)) - g <
i < 1, there does not exist any t-(v,t + 1) Latin trade of volume s. Also for any
t-(v, k) Latin trade of volume s we have s > 2¢.

Also it is of interest to discuss the existence for possible volume sizes s, when
s > 271 We prove two existence theorems on this regard. First we need the {ol-
lowing lemma. In a lincar algebraic approach, a t-(v, k) Latin trade T" = (17, 7%)
may be shown as T = (71 — T5), and the sum of two ¢-(v, k) Latin trades T and
I? may be defined naturally [16].

Lemma A [18] Consider two t-(v, k) Latin trades T = (T, — T2) and R =
(Ry — R2). ThenT + R= (T, + Ry) — (T2 + R») is also a t-(v, k) Latin trade.



Theorem 3 Suppose a and b are two non-negative integers with a +b < t + 1.
Then there exists a t-(v,t + 1) Latin trade of volume s = 3 - 2 — (2% 2% 4-1).

Proof. Wc consider three #-(v, ¢ + 1) intercalates T, R, and S as follows:

T = (o1 —x2) (g —a) - (L20-1 — ¥20) (Taar1)—1 — L2(as1)) " -
(@1t )= o411 = Tafe41) - @) (@211 -4-1 — Taf(e41)-01)
(7:2[(t+1)7(b71)}71 - 51:2[(t+1)7(b71)}) T (51"2(1‘,+1)71 - 1’2(t+1))a

R=—(x; —a2)(xg —x4) - (201 — 220)(T2(a1)—1 — Yo(at1)) "

(Tofg1)—(b+1)]=1 — Yo[(t+1)— (o 1) (T2 (1) =81 — Y2[(t4+1)—b]
(51:2[(t+1)7(b71)] 1 Yo i+ 1)—(b—1)] ) (12(1‘+1) 1 ’1/2(t+1)), and

S= (-’If1 - Zz)(-’lf:a - Z4) (12a 1 /Zn)(l 2(a+1)—1 — /2(a+1))
(51f2[(t+1)7(b+1)}71 = 22(t+1)— b+1)])(1 (t+1) — Yol(t+1)—b ])
(-’1“2[(#1)7(1)71)]71 —Y2At+1)—(b— 1)}) (12(t+1) 1 !/2(t+1)),

where inside each parenthesis, variables are different from each other, and also for
cach j, #; # y;, y; # z;, and ; # z;. We have vol(T) = vol(R) = vol(S) =
2'. Now by Lemma A, T'+ R+ S isat-(v, t+1) Latin trade. T and R arc the samc
in a first parentheses, also I? and S are the same in b parentheses at the end. So, in
T+ R, the 2% terms (1 —x2) - (F20—1 — T2a)T2(ar1)—1 *** T2(¢+1)—1 and also
in R+, the 2% terms TLL3 L2 (t41)— (b+1)] —1Y2[(t+1)—1] (-’1"2[(#1)7(1)71)]71 —
Yor(e+1)—(b—1)]) -+ (T2041)—1 — Y2(441)) arc cancelled out with their negatives.
We observe that in T' + S only one term

TUT T4 1) — (b-+1)] L T2[ (1) — ] T2[(141)— (b—1)]—1 " * " T2(141)—1 18 cancelled
out with its negative. Moreover, all cancelledterms in T + 12, R+ S, and T + S
arc pair-wisc distinct. Therefore vol(T + R 4+ S) = vol(T) + vol(R) + vol(S) —
20 — 20 1. Sovol(T+R+S)=3-2" — (22 + 2> +1). [ |

Theorem 4 Ler a be a non-negative integer with a < t+ 1. There exists at-(v, t+
1) Latin trade of volume s = 3 - 2t — (2% 4 1).

Proof. Assume T, R, and S arc three -(v, ¢t + 1) intercalates as {ollows:

T = (Jlfl *-’Ifz) s (51;211,71 *-’Qa)(-’&(aﬂ)q *-’&(aﬂ)) T (51"2(t+1)4 *1'2(#1)),
R=—(ry—w2) (w201 *1'211,)(51:2(%1)71 *11/2(a+1)) T (51"2(t+1)4 *!12(t+1)),
S=—(z1—x2) - (2201 7'/1:2(1)(22(a+1)71 *51"2(a+1)) T (22(t+1)71 *1'2(#1)),

where inside each parenthesis variables are different from each other, and also for
cach j, #; # y;, y; # z;j, and x; # z;. We have vol(T) = vol(R) = vol(S) =
2'. Now by Lemma A, T + R+ Sisat-(v, ¢+ 1) Latin trade. T and R are the
samc in « {irst parentheses. So, in T+ R, the 2% terms [(xy — 22) - - - (X20—1 —
T20)|T2(a41)—1 ** - T2(i41)—1 arc cancelled out with their negatives. Also, only
one term oy - - - Ta(41), in T+ S, is cancelled out with its negative. Note that
in 2 + S no term is cancelled. We observe that all cancelled terms in 7'+ IR and
T + S arc pair-wisc distinct. Therefore vol(T + R + S) = vol(T) + vol(R) +
vol(S) —2* — 1. Sovol(T+ R+ 8) =3-2" — (2* + 1). [ |

Corollary 1 Theorem 1 implies the existence of t-(v, k) trades of volumes stated
in Theorems 3 and 4.



4 Obtaining ¢-(v, k) Latin trades from ¢-(v, k) trades

t-(v, k) trades and ¢-(v, k) Latin trades as two combinatorial structurcs have many
common properties. For example, they have similar possible volumes. Some
known results about existence of ¢-(v, k) trades, may be casily proved for t-(v, k)
Latin trades. One of these theorems which is shown by Hoorfar in [13] is that for
any s > (t—2)2' + 271 42 there cxists at-(v, k) trade of volume s. Here we
show that the same is true for possible volumes of ¢-(v, k) Latin tradcs.

Lemma 2 SupposeT = (T),Ts) is at-(v, k) Latin trade of volume s. Then there
exists a t-(v + 1, k) Latin trade of volume s' = s + 2 — 1.

Proof. Let (iy,...,7) be an clement of T5. Take an clement a such that a ¢ [v].
Consider a t-(v, k) Latin trade of volume 2¢ as follows:

R=Ry — Ry = (25, —xa)(iy —@a) - (Ti,, — Ta)Tiy s Tiy-
Now T + Ris at-(v + 1, k) Latin trade of volume s’ = s + 2t — 1. [ |

Lemma B [18] By using any t-(v, k) Latin trade of volume s, we can obtain a
(t+ 1)-(v, k + 1) Latin trade of volume 2s.

Lemma 3 Let ¢ be a constant and suppose that for any s > c there exists a
t-(v,t + 1) Latin trade of volume s. Then for any z > 2¢ + 271 — 2 there exists
a(t+ -(v+1,t+ 2) Latin trade of volume z.

Proof. Let ¢ = ¢ + 28 — 1. By assumption and by Lemma 2, for all s > ¢’ there
exists a £-(v + 1,¢ + 1) Latin trade of volume s. Let z > 2¢ + 2471 — 2,

If z is even, then by Lemma B there exists a (¢t + 1)-(v + 1, ¢ + 2) Latin trade of
volume z. If z is odd, then z > 2¢4+2'7T—1 and we can write z = 2¢4+2FT— 1+,
where l > 0 and [ is cven. Thus 2¢+ 1 > 2¢ and 2¢ + 1 is even. Therelore by
assumption and Lemma B there exists a (¢ 4+ 1)-(v, ¢ + 2) Latin trade of volume
2¢+1. Now by Lemma 2 there exists a (£ 4 1)-(v + 1, t+2) Latin trade of volume
z=2c+ 2 141 [ |

Theorem C [18] 5(3,4) = {0,8,12} U {|z > 14}.

Theorem 5 Let t > 3. For any s > (t — 2)2" + 271 + 2 there exists a
t-(w,t + 1) Latin trade of volume s.

Proof. We proceed by induction on ¢. For the case ¢ = 3 the statement holds
by Theorem C. Assume, by induction, the statement holds for ¢, i.e. for any
s > (t—2)28 + 2471 + 2 there exists a ¢-(v, ¢ + 1) Latin trade of volume s.
We show theorem holds for ¢ + 1 also. Let ¢ = (# — 2)2¢ + 2¢71 4 2 then by
Lemma 3 and induction hypotheses for any s > 2¢ + 241 — 2 there cxists a
(t + 1)-(v + 1,t + 2) Latin trade of volume s. Notc that
20+ 201 2 =20 —2) 420 44 20FL -2
=(t—1)2"" 42+ 2
=[(t+1) =22+ 4 20+D=1 o n



5 Uniqueness of some (-(v, k) Latin trades

In this section we show that some ¢ -Latin trades have unique structures. This will
enable us to establish the nonexistence of some Latin trades.

Lemma 4 Let! > 2 and T be at-(v, k) Latin trade of volume s < - 2'71. Then
the number of non-trivial level trades of T in each direction j is at most [ — 1.

Proof. For the sake of contradiction, let 71, T?,...,T” be r non-trivial level
trades of T in some direction j and r > [. Then by Theorem B, vol(T?) > 2(—1,
forallé. Sos = > vol(T%) > 37 2071 =p. 2071 > |- 2071 whichis a
contradiction. [ ]

Theorem 6 The structure of any t-(v, t+1) Latin trade T = Ty — Ty of volume 2t
is unique up to paratopism, and its polynomial representation is as follows: T =
Ty —Ty = (w1 —x2) - (w2111 — T212), where inside each parenthesis variables
are different from each other.

Proof. We proceed by induction on ¢. The statement obviously holds for the case
t = 1. Assume, by induction, the statement holds for ¢t — 1, i.e. the structure of
any (¢t — 1)-(v,t) Latin trade of volume 2!} is unique up to paratopism and is of
given form. Let 7' be a t-(v, £+ 1) Latin trade of volume 2. First we show that, in
cach direction, 7" has cxactly two non-trivial level trades. Let j € {1,...,t + 1}
and supposc T has [ > 2 non-trivial level trades of volumes aq, as, ..., q; in the
dircction of 5. Thus by Thcorem B, a; > 2/=* for all i. So vol(T) = Zi.:] a; >
S 207t =207 5 2201 = 91 which is a contradiction. Then the set of
all clements of T (T3) in cach direction 7, 1 < j < ¢ + 1 consists of two symbols
and cach of them appcars cxactly 2°~1 times. We assume that two symbols 2t + 1
and 2t +2 arc used in (£+1)'* component of clements of 7' (T%). The level trades
in (¢ + 1)*® dircction arc (T}, T5) and (T3, T7), scc Figure 1.

T] T2
2t + 1 20 +1
T : T; :
2t + 1 2t +1
2t + 2 2t + 2
Ty : Ty :
2t + 2 2t + 2

Figure 1: Unique structure of t-(v,t + 1) Latin trade of volume 2¢

Now T = (17, Ty) is a (t — 1)-(v', ¢) Latin tradc of volume 21, So, by
induction, the structure of T is unique, up to paratopism, as follows: T* =



T —T5 = (x) — x2)- -+ (21 — x9;,). Thercfore, the structure of T is unique,
up to paratopism, and it is as follows: T =Ty — Ty = (#1 — aa) -+ (w91 —
o) (®2r41 — Tag42). [ ]

Remark 3 With a similar argument as in the proof of Theorem 6 one notes that
any t-(v, k) Latin trade T of volume 2t has a unique structure as:

T = (1 — @) (aug1 — T2042)To043 ** Bhoti41,
where inside each parenthesis variables are different from each other.

Lemma 5 Suppose ai-(v,t+ 1) Latin trade T = (T, T») has exactly three non-
trivial level trades of volumes a,b, and ¢ in some direction j. Then a,b, and ¢
satisfy triangle inequalities, i.e. a <b+c¢, b<a+c¢, and ¢ <a+0b.

Proof. Without loss of generality let j = 1, and R = (R, ), R/ = (R, RY),
and R" = (RY, RY) be three non-trivial level trades of 7' of volumes a, b, and ¢,
respectively. The structure of 7' is as follows:

T Ty
1 1
1 1
2 2
: R} R)
2 2
3 3
: R : Rl
3 3

Each clement of Ry should appear, exactly, once in R{ or R{. Thercfore a < b+c.
Two other inequalities may be proved similarity. [ ]

Next we remind the reader, of the definition of a t-inclusion matrix M =
M(t-(v, k)), given in [ 16]. The columns of this matrix correspond to the clements
of [v]* (in lexicographic order) and its rows correspond to the clements of Uz [v]f,
where the union is over all ordered ¢-tuples I of [k]’, with components in strictly
increasing order. The entries of this matrix are O or 1, and are defined as follows:

1\1(’u|,...,u,,),,(wl,...,xk) =1 — (“‘lv"'v“‘l,)l € (-’I"lv"'vil"k)-
Note that there is a one-to-one correspondence between the null space of the ma-

trix M(-(v, k)) over the ring Z and the sct of all ¢-(v, k) Latin trades (scc | 18]).
Also here we need the following useful theorem from [16].

10



Theorem D [ 16| There exists a basis for the null space of the matrix M(t-(v, t +
1)) consisting only of t-(v,t + 1) intercalates.

Lemma 6 Every t-(2,1 + 1) Latin trade is a multiple of intercalate T* = (xy —
xo) L

Proof. By Theorem D the single intercalate T* = (x; — x2)*"! forms a basis for
the null space of the matrix M(¢-(2,¢ + 1)). |

The following lemma in the special case of Latin bitrades is shown in [21].

Lemma 7 The structure of any 2-(v, 3) Latin trade of volume 6 is unigue up to
paratopism.

Proof. Let T = (71,75) be a 2-(v, 3) Latin trade of volume 6. Since 6 is not a
multiple of 22 = 4, so by Lemma 6 we must have v # 2. By Lemma 4, in cach
direction T" has at most three non-trivial level trades. Thus, in some direction jg,
T has cxactly three non-trivial level trades say R = (Ry, R2), R’ = (R}, R)),
and R" = (R{,RY). So by Remark 1 we may assume v = 3. Without loss
of generality Iet jo = 1. Level trades R, R, and R arc 1-(2, 2) Latin trades of
volume 2! = 2, and R is (without loss of generality) as follows:

R, Ry

2
1

1 1) |1
2 2] |2

Since (1,1) € Ry then (1,1) € R, or RY. Let (1,1) € R}, so there exist
2,y € {2,3} such that (1,x) and (y, 1) € R}. Thercefore (y,2) € R),. So far T'is
as follows:

T] T2
111 1 111 2
112 2 112 1
2|11 = 211 1
21y 1 2y x
3 3
3 3

Now, depending on the values of = and y there are four cases to be considered.
Case 1. x = y = 2. In this casc we will have R} = R} which is impossible.
Case2. r =y = 3. Inthiscasc (2,2),(1,3),and (3,1) € R} sovol(R") > 3

which is a contradiction.

Case 3. « = 2and y = 3. In this casc (2,2),(3,1) € RY and also

(2,1),(3,2) € RY. Then T is a Latin bitrade of volume 6 as follows. On the

right hand side triples of T and T, are written in two partial Latin squares.

11



1%
LN
—
—
[\~

2]

N — = NN

W NWw — N =
— NN N
—

N

W WM N — =

W WM N — =
W NWw — N =

Case 4. © = 3 and y = 2. In this casc (2,2),(1,3) € RY and also
(1,2),(2,3) € R{. Then T is a Latin bitrade of volume 6 as follows:

T] TQ
111 1 111 2
112 2 112 1 19121
211 3 211 1 o~ 3113
212 1 212 3 23|39
311 2 311 3
312 3 312 2
Cases 3 and 4 arc paratopic by intcrchanging the ond gpd 3nd componcnts. [ |

Corollary 2 The structure of a Latin bitrade of volume 6 is unique up to paratopism.

Lemma 8 Let T = (T,T>) be at-(v,t + 1) Latin trade of volume s. Suppose in
some direction j, T' has exactly two non-trivial level trades. Then s = 2a and a
is the volume of each level trade of T

Proof. Without loss of generality assume 3 = 1. It is clear that the structure of T°
is as follows:

T Ty
i1 i1
* . *
T; ST
1 1
io io
* : *
T; ST
[ [

Then 7% = (T7,75) and T' = (T, 1)) arc two non-trivial level trades of T'.
Assume that vol(T*) = vol(T') = a, so s = 2a. |

Corollary 3 Let T = (T',T>) be a 3-(v,4) Latin trade of volume 12, which in
some direction jy has exactly two non-trivial level trades. Then the structure of T
is unique up to paratopism.
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Proof. Without loss of generality assume jo = 1. By Lemma 8 two level trades
of T arc T* = (T7,T5) and T = (Ty,T;) where T™ is a 2-(v, 3) Lalin trade
of volume 6. By Lemma 7 the structure of 7 is unique up to paratopism, so the
structure of 7" is unique up to paratopism. ]
Note. To simplify our reference to the components of elements of a t-(v, k) Latin
trade T = (11, T3) of volume s, we look at cach T; as an s X & array. So we may
talk about a column of T;.

Theorem 7 Let T = (1',15) be a 3-(v,4) Latin trade of volume 12. Then there
exists § € {1,2,3,4}, such thar T has exactly two non-trivial level trades in
direction j.

Proof. By Lemma 4 the number of non-trivial level trades of 7" in each direction,
is cither two or three. Suppose, in some direction j € {1,2,3,4}, T has threc
non-trivial level trades: R = (Ry, Rp), R = (R}, R),), and R" = (R{,R}).
Each of these is a 2-(v', 3) Latin trade of volume 4. As in Remark | we may
assume v = 3 and without loss of generality assume 7 = 1. By using paratopism
operations we may assume I? to be as follows:

I Iy
1 11 11 2
1 2 2 1 21
2 1 2 2 11
2 2 1 2 2 2

Since ' = (R}, R,) and R" = (RY, RY) are 2-(v, 3) Latin trades of volume 4
then cach column of RI(RY) i = 1,2 must consist of two symbols from V' =
{1,2,3}; cither {1,2} or {1,3} or {2,3}. Threc cases can be considered, de-
pending on the values in the first column of R} (R)).

Case 1. Two symbols 1 and 3, each of them, appears 2 times in the first
column of R} (R}). Now two symbols 2 and 3 must be appear in the first column
of RY(RY). Since (1,1,1) and (1,2,2) € Ry then (1,1,1) and (1,2,2) € R},
and since (1,1,2) and (1,2,1) € Ry then (1,1,2) and (1,2,1) € R}. Since
R' = (R},R}) is a 2-(v,3) Latin trade then (3,1,1) and (3,2,2) € R} and
(3,1,2) and (3,2,1) € R. Now R and R arc complete. Following a similar
argument we complete R”. Therefore R” and R” are as follows:

R, R} Ry Ry
11 2 1 1 1 2 11 2 1 2
1 21 12 2 2 2 2 2 21
3 1 1 3 1 2 3 1 2 3 11
3 2 2 3 2 1 3 21 3 2 2

Case 2. Two symbols 2 and 3 appears in the first column of R} (R}). We
continuc the prool similar to the argument of the Case 1 and obtain R' and R" as
follows:

13



R, R} Ry Ry
2 11 21 2 1 1 2 11 1
2 2 2 2 21 1 2 1 12 2
3 1 2 3 1 1 3 11 3 1 2
3 2 1 3 2 2 3 2 2 3 2 1

Case 3. Two symbols 1 and 2 appcars in the first column of R} (R)). Thercfore
symbols 1 and 3 (or 2 and 3) cannot appear in the first column of Ry (RY), be-
causc, if dong, in the second column of T (T5) symbol 3 appears 2 times, which
is impossible. Therclore R’ and R arc completed as follows (up to paratopism):

R, R} Ry Ry
11 2 1 1 1 1 2 1 1 2 2
1 3 1 1 3 2 2 2 2 2 21
2 11 2 1 2 1 3 2 1 3 1
2 3 2 2 31 2 31 2 3 2

In three cases we observe that T has two non-trivial level trades in two directions
and three non-trivial level trades in other two directions. [ |

Theorem 8 The structure of any 3-(v, 4) Latin trade of volume 12 is unique up to
paratopism and is of the following form: T = (& — w2) (1 — x2)(x1 — 29) (1 —
x2) + (w1 — w2) (e — 13) (w3 — w2) (w1 — @a).

Proof. Theorem 7, Corollary 3, and Theorem D imply the statement. ]

Lemma9 Let T = (T1,T5) be a 3-(v,4) Latin trade of volume 15. Then in each
direction, T has three non-trivial level trades of volumes 4,4, and 7.

Proof. By Lemma 8 the number of non-trivial level trades of 7" in each direction,
is more than two. Also, by Lemma 4, the number of non-trivial level trades of
T in each direction, is at most three. So, the number of non-trivial level trades
of T in each direction j, is exactly three. It is clear that partition of 15 into the
three positive clements of 5(2,3) = {0,4} U {x|x > 6} is unique as [ollows
15=4+4+7. [ ]

6 The spectrum of 4-(v, 5) Latin trades
The spectrum of 2-(w, 3) Latin trades (in special casc ol Latin bitrades) is deter-

mined in [9]. S(¢,t + 1) is completely determined for £ < 3 in [18]. In this
scction we determine S(4, 3). Our result is the following.

Theorem 9 S(4,5) = {0, 16, 24, 28,30, 31,32, 34} U {x|x > 36}.

First we prove two non-existence results.

14



Lemma 10 There exists no 4-(v,3) Latin trade of volume 33.

Proof. Supposc T' = (71, 75) is a 4-(v, 5) Latin trade of volume 33. Since 33 is
an odd number by Lemma 8, in each direction, 7" has more than two non-trivial
level trades. Also by Lemma 4, the number of non-trivial level trades of 7" in any
direction can not be more than four. Partition of 33 into four positive numbers
chosen from S(3,4) = {0,8,12} U {x|z > 14} (Thcorem C), is impossiblec.
Thus in each direction, T has exactly three non-trivial level trades. But partition
of 33 into three positive numbers of S(3,4) is unique: 33 = 8 + 8 + 17, and this
is impossible by Lemma 5. u

Lemma 11 There exists no 4-(v, 5) Latin trade of volume 35.

Proof. Let T = (T4,T%) be a 4-(v, 5) Latin trade of volume 35. Similar to the
argument of the proof of Lemma 10, in cach direction of j € {1,2,...,5}, T has
exactly three non-trivial level trades. So 35 must be partitioned into three positive
clements of S(3,4) = {0,8,12}U{x|x > 14}. There arc two possible partitions:
35 = 8+ 8 4+ 19, which is impossible by Lemma 5 and 35 = 8 + 12 + 15. In this
case, in each direction T has three non-trivial level trades of volumes 8, 12, and
15. As in Remark 1, we may assume v = 3. Take V' = {1,2,3}. Forcachi € [k],
let 71 (2) be the number of repetitions of symbol  in the i*® column of T} (7T%).
Let ; = 1 and suppose that the level trades of 7" in direction j are R, R', and
R of volumes 8, 12, and 15 respectively. By Theorems 6 and 8, and Lemma 9,
without loss of generality, we can assume that the structure of level trades R, R,
and R" to be as follows:

R RI R”
1 2 3
1 2 44 304444
414144 6|6
41444
4|4
40444 6|6
414 TN TT
1 2 3

The figure above indicales that in the second column of T} (7»), there exist two
symbols of V' = {1, 2, 3}, where cach appears 4 times in Ry (R), and two sym-
bols of V, cach appcars 6 times in R} (R)). So there exists an clement, say a € V
which appears in the second column 4 times in 12y and 6 times in . On the
other hand, partition 35 = 8 + 12 4+ 15 being unique means that for one symbol

of V (say z) we have rd () = 8, for another symbol of V' (say y) rd (y) is 12,
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and for the third symbol of V' (say z) rd (2) = 15. Notc that a is repeated 4 times
in Ry, 6 times in R}, and must be repeated 4 or 7 times in R}, In cither case it is
a contradiction. [ ]
Proof. (of Theorem 9) By Theorem A there exist 4- Latin trades of volumes
so = 0,87 = 16,8, = 24,83 = 28,54 = 30 and s; = 31. By Theorem B for
any s € (8;,8;+1), 0 < i < 4 there does not exist any 4- Latin trade of volume s.
By Lemmata 10 and 11 there do not exist any 4- Latin trade of volumes 33 and
35. By Theorem 5, for each s > (4 — 2) - 21 4+ 211 4 2 = 42 there exists a
4- Latin trade of volume s. By Lemma B and Theorem C we have 32, 34, 36, 38,
and 40 € S(4,5). By Theorem 3 there exist 4- Latin trades of volumes 37 and 41.
By Theorem 4 there exists a 4- Latin trade of volume 39. [ |

We thank the referee for providing constructive comments and help in improving
the contents of this paper.
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