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Abstract

The squar&? of a graphG is a graph with the same ver-
tex set ag in which two vertices are joined by an edge if
their distance in7 is at most two. For a grap&, X (G?),
which is also known as thdistance two coloring num-
ber of GG is studied. We study coloring the square of grids
P,,0PF,, cylindersP,,00C,,, and toriC,,0C,,. For eachm
andn we determineX ((P,,0F,)?), X((P,,0C,)?), and in
some case¥ ((C,,00C,,)?) while giving sharp bounds to the
latter. We show thak ((C,,0C,,)?) is at most 8 except when
m = n = 3, in which case the value is 9. Moreover, we con-
jecture that for everyn (m > 5) andn (n > 5), we have,

5 < X((Cr0C,)?) < 7.
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1 Introduction

We use standard terminology of graph thearyis a simple graph.

By V(G) and E(G) we denote the vertex set and the edge set of
G, respectively. A (proper vertex)-coloring of a graphG is a
mappingc : V(G) — {0,1,...,k — 1}, with the property that
c(u) # c(v) whenever{u,v} € E(G). The smallest for which
there exists &-coloring of GG, is called thechromatic number

of G and is denoted by (G). The square5? of a graphG is a
graph with the same vertex set@sn which two vertices are joined
by an edge if their distance &' is at most two. For a grapy,

X (G?), which is also known as thdistance two coloring num-

ber of G, is of great interest (see for example [6] and [7]). In [4]
they consider the interaction between coding theory and distance
k colorings of Hamming graph&(¢,n) = K,,0K,O---0K, and

q

find some bounds fox (H*(g,n)). In [3], thed-dimensional infinite
grid graphG is considered. They use a simple construction to show
that X ((G4)?) = 2d + 1 for all d > 1. They discuss an important
application of this result in steganography.

Note that in a distance two coloring of every vertexv of G
is a rainbow, i.e. the set of all neighbors wfconsists of distinct
colors. Also we note thatA + 1 < X(G?) < A? + 1, whereA is
the maximum degree df.

Example 1 For the pathP, and the cycle”,, we have,

1 n=1, 3  n=23k,
X(PH)=<¢2 n=2 X(C»={4 n#3kandn#5,
3 n > 3. 5 n =>5.

For the graph&/ andH assume thgl/ (G)| = mand|V (H)| =
n. We refer to the vertices @afOH, the cartesian product ¢f and
H, as ann x n array|v;;], where in each row we have a copy@f
and in each column a copy 6f.



Example 2 The following is a 5-coloring ofC500C5)2.

12340
3401 2
01234
23401
401 2 3

In 1977, G. Wegner [11] conjectured that:

Conjecture 1 (Wegner 1977) Let G be a planar graph. Then
A(G)+5 if4<A(G) <T,
2
X(G) S{ 3A(G)/2 + 1] if AG) > 8.

This conjecture, in general, remains open. For a progress on this
conjecture see ([10], [9], [7], [6], [2], [5]). In this paper we study
coloring of the square of cartesian products of cycles and paths,
namely gridsP,,0F,, cylindersP,,0C,,, and toriC',,0C,,. The ob-

tained results are summarized in the following table.

Graph | G X(G?) Reference
Grid P,OP, 4ifm=2 Lemma 1
2<m<n |5ifm>3 Theorem 1
Cylinder | R,0OC, 6ifn=30r6 Lemma 4
4if 4|n Lemma 3
5 otherwise Theorem 2
P,0cC, 5iff 5|n Corollary 1
m >3 6if5+1n Theorem 3,4,5
Torus C,,0c, 9ifm=n=23 Subsection 4.1
5iff 5|m A 5|n Corollary 4
< 6if 6|mn Theorem 7,8
<T7if3mA2¢tn Theorem 8
< 8 for anym andn, | Theorem 9
(m,n) # (3,3)




In [1], X((P,,0C,)?) is determined. In Section 2 and 3 we intro-
duce some colorings ¢f>,,00P,)* and(P,,0C,,)?, and use them in
subsequent section.

2 P,.oP,

In this section we determing((P,,0P,)?). The pattern of colorings
given in this section will be applied to other cases in next sections
too.

Lemma 1 For anyn (n > 2), we have: X((P0OP,)?) = 4.

Proof. We havex ((P,0P,)?) > A(P,0P,)+1 = 4. The following
is a4-coloring of (P,0P,)?.

c:V((PROPR,)?) — {0,1,2,3}
c(vij) = (j+2(i—1)) (mod 4). n

Theorem 1 For everym (m > 3) andn (n > 3) we have:
X((P,0P,)*) = 5.

Proof. We haveX ((P,,0P,)?) > A(P,,0P,) + 1 = 5. The follow-
ing is a5-coloring of (P,,0P, ).

c: V((P,OP,)?) — {0,1,2,3,4}
c(vyy) = (j +2(i — 1)) (mod 5). n

3 P,oC,

In this section we find( ((P,,,0C,,)?) by starting with some special
cases which will be used throughout the paper.

Lemma 2 X((»0C,)?) =5 ifandonlyif n =0 (mod 5). Fur-
thermore for every, there exists a uniqu&-coloring of (P30C5;)?
up to some permutation of colors.
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Proof. Let ¢ be a partial 5-coloring of %300C,, )%, wherev,, and its
neighbors are colored as in the following.

e LW e

2
4
1

e O e
e o o

We must haVGC("UH) € {1, O}, C(Ulg) € {1, 3}, C(Ugl) € {2, 0},
c(vsz) € {2, 3}. We show, that each choice of color feg from its
list may be extended uniquely to a color functioon V (( P30C,, )?),
using a set of 5 colors.

Suppose for exampl&vss) = 2.

e W e
o N

N O e
e o o

It forcesc(vs;) = 0, thenc(vy;) = 1 andc(vi3) = 3. Then
the colorv,, is forced to be 1, and the color of other vertices are
determined by the following function.

>S5

c(vij) = (j+2(i—1)) (mod 5).

Itis clear to see thatis a 5-coloring of P30C,,)?, if and only if
n =0 (mod 5). The case of(vs3) = 3 is similar.

Also in the first coloring of P30C,,)? by interchanging the col-
ors 1 and 2, and then the colors of row 1 and row 3, we obtain the
second coloring. So there exists a unidueoloring of (P30Cs;)?
up to some permutation of colors. [ |

Corollary 1 For every pairm (m > 3) andn, X((P,0C,)?) =5
ifand only ifn =0 (mod 5), and there exists a uniguecoloring
of (P,,0Cs5)? up to some permutation of colors.

Proof. If n is a multiple of 5, Lemma 2 results to a 5-coloring
of (P30C,,)% Now, we extend this coloring to a 5-coloring of
(P,,0C,,)? as in the following.

For i>4 let d(vy)=(+2(i—1)) (mod}5).

5



Conversely, ifx((P,,0C,)?) = 5, then5 < X((P,0C,)?) <
X((P,0C,)?*) = 5, so we havex((P;0C,)?) = 5, and by Lemma
2,n=0 (mod5). u
Corollary 2 For everym andn (m > 3,5t n) we have,

X((PnOCy)?) = 6.

3.1 PQDCn

We note that ifG' is anr-regular graph withx (G?) = r + 1, then
r + 1 divides|V(G)|. So we have,

Corollary 3 If n is an odd number, thenX ((20C,)?%) > 5.
Lemma3 X((A0OC,)*) =4 <= n=0 (mod4).

Proof. We haveX ((P0C,)?) > A(P,0OC,) +1 = 4. Letc, be

a 4-coloring of( P,00P)?. This coloring may be extended uniquely
to a color functiornc on V((P0C,)?) only using colors of;. It is
clear to see thatis a 4-coloring of( ,00C,,)? if and only if n = 0
(mod 4). The following is a4-coloring of (P,0C,,)%.

c: V((ROC,)?% —{0,1,2,3}
c(vij) =(j+2(i—1)) (mod 4). L]
Lemma4 X((PQDC3)2) = X((PQDC6)2) = 0.

Proof. We know (P,0C3)? = Kg, S0 X ((P0C3)?) = X(Ks) = 6.
Sincea((P0Cs)?) = 2, we haveX ((P20Cs)?) > 6, The following
is a6-coloring of (P,0Cs)?.
1231 2 3
4 50 450
Figure 1: A 6-coloring of P,00Cs)? .
Theorem 2 If 4t n andn # 3,6, then, X((P”0OC,)?%) = 5.

Proof. For thisn, by Corollary 3 and Lemma 3(((P,0C,,)?) > 5.
We can obtain a 5-coloring ¢#00C,;, 1 )?, (P20Cyy42)*(1 > 1) and
(P,0Cy43)* by combining the coloring given in Lemma 3 and the
colorings shown in Figure 2. u



1203 412 3 40
341203 4012

1 2 4 0 1 2 3 41 30
3 4 1 2 341 2 0 4 2

g O w

Figure 2: Some 5-colorings ¢,0C))?,(P0C5)?, and(P,0C7)?

3.2 PmDC;),l
Theorem 3 For eachm (m > 3) andl, we have:
5 < X((Pn0Cx)%) <

Proof. Clearly X ((P,,0C5)?) > 5. The following is a 6-coloring of
(PnOC3)%

V(P,0C3) —{0,1,2,3,4,5}
(14(i—1)) (mod6) j=1 (mod3)
c(viy) = E

B3+ (i—1)) (mod6) j=2 (mod3)
(54 (—1)) (mod6) j=0 (mod3). u

3.3 PmDC?,H_l

Theorem 4 For everym (m > 3) andl, we have:
5 < X((Pn0Cs141)%) < 6.

Proof. The lower bound is clear. The following is a 6-coloring of
(PrnOC3141)>.

¢:V(P,0C341) — {0,1,2,3,4,5}

(1+(—1)) (mod6) j=1
(24 (i—1)) (mod6) j=1 (mod3)j#1,31+1
c(vij)=¢ A+ (—1)) (mod6) j=2 (mod 3)
(t—1) (mod6) j=0 (mod 3)
3+ (i—1)) (mod6) j=3l+1. u
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3.4 PmDC3Z+2

Theorem 5 For eachm (m > 3) andl, we have:
5 < X((PnOC542)%) < 6.

Proof. The lower bound is clear. The following is a 6-coloring of
(PrOC5142)°.

c: V(P,0Cs42) —{0,1,2,3,4,5}

(1+(i—1)) (mod6) j=1
(24 (i—1)) (mod6) j=1 (mod3)j#1
c(vij) =4 A+ (—1)) (mod6) j=2 (mod3)j#3l+2
(t—1) (mod6) j=0 (mod 3)
(54 (—1)) (mod6) j=3l+2. n

4 (C,oC,
First we prove a direct construction theorem.

Theorem 6 If there exists &-coloring of (C,,,0C,,)?, then for every
[ and!’ there exists &-coloring of (C,,;0C,,)2.

Proof. Let ¢ be ak-coloring of (C,,0C,,)?, then the following is a
k-coloring of (C,,,0C,,;/)?.

ll

C C ... C .

Now we prove a necessary and sufficient conditionft(C,,,0C,,)?)
to be equal t&.



oo W
O N
W~ o w
Ao O

Figure 3: An 8-coloring of C,0C,)?

Corollary 4 For all m andn, X((C,0C,)?) = 5 if and only if both
m andn are multiple of 5.

Proof. If both m andn are multiple of 5, then by Example 2
and Theorem 6 we can generate a 5-colorind@f,0C,,)%. For
the converse, let be a 5-coloring of C,,,00C,,)?. Thenc is also a
5-coloring of(P,,00C,,)* and by Corollary 1p = 0 (mod 5), andc
is also a 5-coloring ofC,,,0F,)?, thus again by Corollary In = 0
(mod 5). n

G. Matthews informed us that they also have the result of Corol-
lary 4 [8].

4.1 x((C,0C,)?%) for small n

In this subsection we fing(((C,,0C,,)?), for some small values of
n.

o X(<03D03>2) = 9, fOI’ (03D03)2 == Kg.

[ J X((C4|:|C4>2) = 8

We havex ((C40Cy)?) = 2, soX((C40C,)?) > 8. In Figure
3, we present an 8-coloring 6€,0C, ).

e X((C50C5)?) = 5. See Example 2.

e X((Cs0C)?) = 6. By Corollary 4,X((Cs0Cs)?) > 6. In
Figure 4, we present a 6-coloring @s0C;)?.

e X((C-OCy)?) = 7. By Corollary 4,X((C;0C7)?) > 6. As-
sumec is a 6- coloring of(C;0C+)?, so there exists a color

9



Ot W = Ot W =
SR NO RN
— Ot W = Ot W
N O =N DO
W = Ot W — Ot
=N O NN O

Figure 4: A 6-coloring of Cs00Cs)?

. 49 . .
class of size at leagt—| = 9 in c. If in a row of (C;0C)?

two independent vertices are chosen in a class, then there can
be at most one vertex from the previous or the next chosen
row in that class. So in any color class(af,0C)? there are

4 consecutive rows with at most 4 independent vertices. But
in the 3 remaining rows ofC;00C';)?, we can not choose other

5 independent vertices. In Figure 5, we present a 7-coloring
of (C;0C7)?.

X((Cs0Cs)?) = 7. By Corollary 4,X((Cs0Cs)?) > 6. As-
sumec is a 6-coloring of(Cs0Cs)?, so there exists a color

: 64 : ,
class of size at Ieait?l = 11in ¢. Also in any color class

of (Cs0C%)? there are 4 consecutive rows with at most 6 in-
dependent vertices. But in the 4 remaining rows@f1Cs)?,

we can not choose other 5 independent vertices. In Figure 5,
we present a 7-coloring ¢Cs0Cs)?.

X ((Cy0Cy)?) = 7. By Corollary 4,X((Co0Cy)?) > 6. Let

c be a 6-coloring of(Cy00Cy)?, so there exists a color class
. 1 . ,

of size at Ieasf86} = 14 in ¢. Also in any color class of

(Cy0Cy)? there are 4 consecutive rows with at most 6 inde-
pendent vertices. But in the 5 remaining rows(650Cj)?,

we can not choose 8 independent vertices. In Figure 5, we
present a 7-coloring diCy01C)>2.

10



1 234560 1246 3 406
401506 5 2
345 6 01 2
356 42 341
5 6 01 2 3 4
6 1 3061 235
0123456
405 2 45 6 3
23456 01
23610340
456 0123
60123 45 6 4056 215
053215 3 4
103456023
56 1 2345 14
245612360
103456023
56 1 23 45 14
245612360
103456023
56 1 2 3 45 14
245612360

Figure 5: Some 7-colorings ¢€,0C7)? , (Cx0Cs)?* and(Cy01Cy )?

e X((C1p0C10)?) = 5. By Corollary 4.

° X((012D012)2) = 6. By CorO"ary 4,X((012|:|012)2) > 5.
Now it follows by X ((Cs0Cs)?) = 6 and Theorem 6.

4.2  Some bounds fory((C,,0C,,)?)

In this subsection, we give more precise bounds for products of some
particular cycles.

Theorem 7 For all k andn(n > 3), we have:

5 < X((Cex0Cy)?) < 6.
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Proof. The lower bound is trivial. For the upper bound, all of the
colorings given in Subsections 3.2, 3.3 and 3.4 (fB,0C5;.)?,
i=0,1,2, also works for{ Ce,00C3,:)? i = 0,1, 2. n

Theorem 8 For all £ andi, We have:

1. X((C50Cs)?) =8,

2. 5 < X((C30Cy)?) <6,

3. X((C30C%41)%) > 6,

4. 5 < X((C0C541)) <7, (1> 3).
Proof.

1. We haven(Cs50C5)? = 2, soX ((C30C5)?) > 7. The follow-
ing is an 8-coloring of C30C5)2.

146 27

2 5 7 3 6

0315 4

2. We consider two cases far

e [is even, = 2/’ for somel’. By Theorem 6, it is suffi-
cient to find a 6-coloring of C;0C,)?. The following is
a 6-coloring of(C30C,)2.

W N =
S O =~
_ W N
= O Ot

e [isodd,l = 2l' + 1 for some!l’. Letc be a 6-coloring of
(C3:0Cs)?, obtained by combining the following
6-coloring of (C30Cs)?.

I )
= O Ot
N = W
Tt = O

1
2
3

S O

12



Also let ¢ be a 6-coloring of(CngC4(l/,1))2 obtained
in the previous case. The following is a 6-coloring of
(C3:0C%).

| (CsxOCyw—1))?) | c((C30Cs)°) |

3. Ifthere exists a 6-coloring ¢f300C; ;1 )?, then there exists at

. 3(20+1
least one color class of size at Ieés{(%)l =[+1. We
can choose at mostindependent vertex from two consecutive
columns of(C50Cy;, 1)?. So the maximum size of each color
class of(C50Cy;41)? is 1. ThereforeX ((C30Cy,1)?) > 6.

4. Forl = 3 by Theorem 6, it is sufficient to consider the follow-
ing 7-coloring of(C30C7).

S Ot W

4
6
1

N O Ot

1
3
5

(SRR V]
W =
~ N O

Forl > 4, let be a 6-coloring of C3,0C5(;—2))* obtained in
the second item of this theorem. The following is a 7-coloring
of (C3kDCQl+1)2.

| ((C5:0C51-2))7) | ¢(C3,0C5) |

where,c is obtained by combining the following 7-coloring of
Cs0C5 as follows:

SN =
W Ut =~
_ o O
ot W N
= Oy O

Based on the results above we make the following conjecture:
Conjecture 2 For all m andn, we have:

5 < X((C0C,)*) <6 <= 6lmn.

13



Finally in this section we find an upper bound fof(C,,,0C,,)?).
For this purpose we use someolorings of K;. First we introduce
6 of them as follows.

1 2 3 4 21 5 6 0
3 4 1 2 4 3 70 6
A R C A R C’

7
bt

[ev il @)
~ Ot

Theorem 9 For all m andn, (m,n) # (3,3), we have:
5 < X((CubICn)?) < 8.

Proof. The lower bound is trivial. We prove the upper bound with
introducing an 8-coloring in each of the possible cases and subcases.

o Cy0Cy
An 8-coloring of (C,;,0Cy;)* can be obtained by repeti-
A A
tion of the following pattern: A” A | i.e..
A A .. A A
A A - A A
A A .. A A
A A o A A
o (y,0Cy 41

An 8-coloring of(Cy;,0Cy41)? can be obtained by repe-
tition of the following pattern:

A A

A A

O OO =~

ROR|-|R R

14



o Cy0CY 42
An 8-coloring of(C,,,0C}4,+2)? can be obtained by rep-

etition of the following pattern:
A Al A AR

A A A AR

o Cy0Cy43
An 8-coloring of(Cy;,0Cy43)* can be obtained by repe-
tition of the following pattern:

A A R

A A

N OO

A Al |A AR
(2) C4k:+1|:|Cn

o Cup110Cy11
An 8-coloring of(Cy,,10Cy;,1)? can be obtained by re-
peating the following pattern:

A A A A

A A

— N~

w

A A A A

A R
and adding them to the top of the following:

A A - A A | A A

C
17

c |
1 715 3

Ol W =N =~

Ul o
W[ 3 ot
Ul O
W[ ~3 ot

3
6
1

IR NN

o Cupr10C 12
An 8-coloring of (Cy;,,10Cy42)? can be obtained by re-
peating the following coloring:

15



A A|---]A Al A A|G
A C|---|A C|A H|I
and adding them to the top of the following:
A A || A A A A G
A c |- A C A M | N
4 31 2|---14 31 2|4 3 1 2|0 5

whereG, H, I, M andN are the following colorings:

3 7 3 5 70 3 5 4 0
1 2 1 2 4 6 4 7 6 3
G H I M N

o Uy 10Cy 43
An 8-coloring of(Cy,10Cy,3)? can be obtained by re-
peating the following:

A A

A A G

A A

N —| O Ot

woclo | ela bl

and adding them to the top of the following:

A Al A ala alc 2
A ol ol MmN ;
13 121431243 12(51 0

(3) Cuy2DC,

o Cupp20C 49
An 8-coloring of(Cy.,20Cy;12)? can be obtained by re-
peating the following:

A A
A A

R/
R

A A
A A

16



and adding them to the top of the following:

A Al ] A Al A Al R

5 6 5 6 5 6

07 A 07 4lo7 A i
, , 65|07

c ol c ol c g1,

o Cyp20Cy 3
An 8-coloring of(Cy420Cy43)* can be obtained by re-
peating

A A A

A A

NS D

A A

laoala

W

and adding them to the top of the following:

1

C’(J---C’C’C”3

(4) CuyysDC,

o Cyi30Cy3
An 8-coloring of (Cy, 30C443)* can be obtained by re-
peating

A A A

A A

=~ o

w

A A

A ALA

and adding them to the top of the following:

12 6
A A A Ao _
50 12[---|50 12|70 4

17



Conjecture 3 For everym (m > 5) andn (n > 5), we have:

5 < X((CrOCy)?) < 7.
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