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Abstract

In a given graph G, a set S of vertices with an assignment of
colors is a defining set of the vertex coloring of G, if there exists
a unique extension of the colors of S to a X(G)-coloring of the
vertices of G. A defining set with minimum cardinality is called
a smallest defining set (of vertex coloring) and its cardinality, the
defining number, is denoted by d(G, X). Let d(n,r, X = k) be the
smallest defining number of all r-regular k-chromatic graphs with n
vertices. Mahmoodian and Mendelsohn (1999) proved that for each
n and each r > 4, d(n,r, X = 3) = 2. They raised the following
question: Is it true that for every k, there exist no(k) and ro(k),
such that for all n > no(k) and r > ro(k) we have d(n,r, X = k) =
k — 17 We show that the answer to this question is positive, and
we prove that for a given k and for all n > 3k, if r > 2(k — 1) then
d(n,r, X=k)=k—1.
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1 Introduction

We follow the concept of graphs defined in standard textbooks. For the
definitions and notations not defined here we refer the reader to texts, such
as [7]. A k-coloring of a graph G is an assignment of k different colors
to the vertices of G such that no two adjacent vertices receive the same
color. The (vertex) chromatic number of a graph G, denoted by X(G), is
the smallest number k, for which there exists a k-coloring for G. A graph
G with X(G) = k is called k—chromatic. In a given graph G, a set of
vertices S with an assignment of colors is called a defining set of vertex
coloring, if there exists a unique extension of the colors of S to a X(G)
-coloring of the vertices of G. A defining set with minimum cardinality
is called a smallest defining set (of a vertex coloring) and its cardinality is
the defining number (of a vertex coloring), denoted by d(G, X). There are
some results on defining numbers in [4] (see also [1], and [2]). Here we study
the smallest defining number of regular graphs. Let d(n,r, X = k) be the
smallest value of d(G, X) for all r-regular graphs with n vertices and the
chromatic number equal to k. By Brooks’s Theorem, if G is a connected
r-regular k-chromatic graph which is not a complete graph or an odd cycle,
then k < r. Mahmoodian and Mendelsohn in [3] studied d(n,r, X = k) and
raised two questions. The first one was on d(n, k, X = k) which is answered
by Mahmoodian and Soltankhah in [5]. For the case of r > k, they proved
in [3], that for each n, and for each r > 4 we have d(n,r, X = 3) =2, and
asked the following question:

Question. Is it true that for every k, there exist no(k) and ro(k), such
that for all n > no(k) and r > ro(k) we have d(n,r, X =k) =k —1?

We show that the answer to this question is positive. In fact we prove that:
Theorem. Let k be a positive integer. For each n > 3k, if r > 2(k — 1)

then d(n,r, X =k)=k— 1.

2 Preliminaries

In this section, we state some known results and definitions which will be
used in the sequel. Throughout, n, k, I, r, s and such denote positive
integers.

Definition 1 [3]. Let G and H be two vertex disjoint graphs each with a
given proper k-coloring say cq and cy (respectively). Then the chromatic



join of G and H, denoted by G VHisa graph where V(G v H) isV(G)U

V(H), and E(G v H) is E(G) U E(H), together with the set {xy | « €
V(G), y € V(H) such that cg(z) # cu(y)}-

Theorem A [3]. Let n be a multiple of k, say n =kl (I > 2); then
d(k,2(k—1), X =k) =k — 1.

To prove this theorem Mahmoodian and Mendelsohn constructed a 2(k—1)-
regular k-chromatic graph with n = kl vertices as follows. Let G1,Gs, ..., G
be vertex disjoint graphs such that GG; and G are two copies of K} and
if I > 3, Go,...,Gi_1 are copies of K. Color each G; with k colors
1,2,...,k. Then construct a graph G with kl vertices by taking the union
of Gi UG, U- - -UG), and by making a chromatic join between G; and Gy1;
fort =1,2,...,1 — 1. This is the desired graph. We denote such a graph
by Gy(1) and use this construction in Section 3.

Theorem B [3]. For eachn and eachr > 4, we have d(n,r, X =3) = 2.
The following lemma from [6] is straightforward.

Lemma A [6]. Let H be a subgraph of G such that X(G) = X(H). If
V(H) with any coloring is a defining set for G, then any defining set of H
is also a defining set for G.

Definition 2 [5]. Let G be a k-chromatic graph and let S be a defining set
for G. Then a set F(S) of edges is called nonessential edges, if the chromatic
number of G — F(S), the graph obtained from G by removing the edges in
F(S), is still k, and S is also a defining set for G — F(S).

Definition 3. Let G be a graph with a given proper coloring ¢ with k
colors. Then the chromatic complement of G, denoted by G or simply by G
if there is no danger of confusion, is a spanning subgraph of G (complement

of G) such that E(G.) = E(G) — {uv | c(u) = c(v)}.

3 Main results

In the following three theorems we prove our main result, which was men-
tioned at the end of Section 1.



Theorem 1. For each k > 3, and each n > 3k, we have
dn,2(k—-1), X=k)=k—1.

Proof. By Theorem A the statement is true when n is a multiple of k.
Forn=kl+s (I >3),s=1,...,k—1, we construct a 2(k — 1)-regular
k-chromatic graph H with n vertices and d(H, X) = k — 1 as follows.

Consider the graph Gy) as constructed in Theorem A. From now
on in Gy, we let V(Gy) = {u1,...,ux}, V(Gi—1) = {v1,...,v}, and
V(G)) = {wy,...,wr}. Also assume that c(u;) = c(v;) = e(w;) = i, for
i=1,2,...,k. Tt is obvious that the set S = {uy,us,...,ur—_1} is a defining
set for Gy(y). And the following set

F(S): {uiuj,1§i<jSk—l}U{viwj,1§i<j§k—1}
Wziwy, i=1,...,k—1}

where for each 4, either z; = v; or wj;, is a set of nonessential edges in
Gi(r)-
Now to construct H we add s new vertices 1,...,zs to Gy, delete some
suitable nonessential edges, and join the new vertices to the vertices from
which the edges were deleted, as follows. There are two cases to be consid-
ered.

Case 1. k is odd.

The induced subgraph < S > of Gy, is a complete graph K} ;. This
graph is 1-factorable. We denote its 1-factors by Fi,..., Fx—2. From now
on, any 1-factorizations of complete graphs which are used in this paper are
considered to be “standard” factorizations. IL.e. for K,, n even, suppose
the vertex set to be {1,2,...,n}, and we arrange the vertices 2,...,n in a
regular (n — 1)-gon, and place the vertex 1 in the center. Join every two
vertices by a straight line segment. For ¢ = 2,...,n, define the edge set of
the factor F;_1 to be the edge 1i together with all those edges perpendicular
to 1i.

If s < k—2, then for each i (1 < i < s) we join the added vertices z; to
all of the vertices of S, and delete all of the edges of F;. Also with respect
to each edge uqup € F; (a < b), we delete v,wp and join z; to the vertices
v, and wy. Now it can be easily seen that deg(z;) = 2(k — 1). Note that
colors of vertices of Gy force the colors of all new vertices to be k.

If s =k — 1, then for z; (1 <i < k — 2) we proceed as before and for
Tr—1, first we delete the edge wywy, and join zx_; to wy and wy. Since each
x;, is joined to a v; (which was obtained by deleting the edge vjwg—_1), we



delete the edges z;v; and join zy_q to z; and v; for 4,5 =1,...,k —2. We
have deg(zg—1) = 2(k — 1) and ¢(zi—1) = k — 1. Because the neighbors of
1 have colors 1,2,...,k — 2, k.

Case 2. k is even.

In this case we consider the induced subgraph < S'U {u} > of Gy,
which is a complete graph K, of even order. This graph is 1-factorable. Let
Fi,..., Fx_1 be afactorization such that u;ur € F;. Foreachi (1 <i < s)
we join z; to all of the vertices of Fj, except to u; and wug, and delete all of
the edges of F;, except u;ur. Now as in the Case 1, with respect to each
uqup € Fi\{usui}, we delete the edges v,w; and join x; to the ends of these
deleted edges. Finally for each i, 1 < i < 5,7 # k — 2 we delete the edge
Wit1(mod k—1)Wk and join m; to the ends of this edge. Note that since we
assumed Fj;, (1 <i <k —1) is a standard factorization, z; was not joined
t0 Wit 1(mod k—1) before. Then we delete the edge vy—1wy and join xg_2 to
the ends of this edge. It is obvious that deg(z;) = 2(k — 1) and the color
of z; is forced to be i. u

To illustrate the construction shown in the proof of Theorem 1, we provide
the following two examples.

Example 1. Let £k = 5. Forn = 3k + s, 1 < s < 4, we construct an
8-regular 5-chromatic graph of order n with a defining set of size 4. For
n=15+s,1<s <4, we add s new vertices to the graph G35y and delete
some nonessential edges as explained in the proof of Theorem 1 (Case 1).
Table 1 shows all the deleted edges corresponding to newly added vertices.
In Figure 1, we show an 8-regular 5-chromatic graph of order 16 (s = 1)
with a defining set of size 4. The vertices of the defining set are shown by
the filled circles.

New vertices T To T3 T4
UrUyg | U2U4 | UU4 | W1Ws5
Deleted UsU3 uiLus3 Ui u 101
edges V1W4 VW4 V3 W4 202
V2W3 | Viwg | Vw2 | T3U3

Table 1: New vertices and corresponding deleted edges.
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Figure 1: d(H,x =5) =4.

Example 2. Let K = 4. Forn = 3k + s, 1 < s < 3, we construct a
6-regular 4-chromatic graph of order n with a defining set of size 3. For
n=12+s,1 < s < 3, we add s new vertices to the graph Gsy4) and
delete some nonessential edges as explained in the proof of Theorem 1
(Case 2). Table 2 shows all the deleted edges corresponding the newly
added vertices. In Figure 2, a 6-regular 4-chromatic graph of order 13
(s = 1) with a defining set of size 3 is shown. In this figure also the vertices
of the defining set are shown by the filled circles.

New vertices T To T3

U2U3z | U1U3 | UIU2
Deleted edges | vows | viws | viws
WaWy4 | V3Wy4 | W1Wy

Table 2: New vertices and corresponding deleted edges.



Figure 2: d(H,x =4) = 3.

Remark 1. If G is an r-regular k-chromatic graph on n vertices then each

chromatic class in G has at most n—r vertices. Therefore n < k(n—r). This
implies 7+ > 5. Note that for each n, r, and k such that 3 > =7, only

one of the following holds: (i) %] > [455| or (i) [ %] = [+ 72 —

Next we generalize the statement of Theorem 1 to r > 2(k — 1). This is
done in the following two theorems.

Theorem 2. For each k > 3, n > 3k, and r > 2(k — 1), such that
%] > [#57 1, we have d(n,r, X =k) =k —1.

Proof. We prove the statement in two cases.
Case 1. n = kl.

Consider Gy, and let él(k) be the chromatic complement of Gy (see
Definition 3). Note that él(k) is an (I —2)(k — 1)-regular graph. For each r

by adding suitable edges of él(k) to Gy we will construct an r-regular k-
chromatic graph H, such that d(H,, X) = k—1. We explain the procedure
according to the parities of k and r.



If £ is even then the complete graph K, is 1-factorable. Since él(k) is
a k-partite graph, a 1-factor of K} corresponds to a union of % bipartite
subgraphs of él(k): each of which is (I — 2)-regular; this union is obviously
1-factorable. Thus C;’l(k) is 1-factorable. By adding the edges of r —2(k —1)

disjoint 1-factors of C?l(k) to Gy(r), we obtain an r-regular k-chromatic graph
H, with d(H,, X) =k — 1.

If k£ is odd then él(k) is a regular graph of even degree, therefore by
a theorem of Petersen (see [7], page 125) is 2-factorable. For r even, H,
can be obtained by adding the edges of % disjoint 2-factors of él(k)
to G- For r odd, n = kl is even, thus [ is even. In this case, él(k)
contains %, disjoint bipartite subgraphs, each of which is (k — 1)-regular.
Also, since k is odd, each of these (k — 1)-regular bipartite graph is 2-
factorable. Note that each 2-factor is a union of edge-disjoint cycles. Since
we consider bipartite graph, there is no odd cycle. Therefore, we can find
a 2-factorization in which, of 2-factors say F', can be chosen to be a union
of edge-disjoint even cycles. The alternate edges in F' are two edge-disjoint
1-factors. Hence, F' is a union of two 1-factors say F; and F5. By adding

the edges of F1 to Gy as well as the edges of % of other disjoint

2-factors of él(k) to Gy), we obtain H,. By Lemma A, d(H,, X) =k — 1.
Case 2. n=Fkl+s5,1<s<k-1.

We will use the following procedure to construct an r-regular k-chromatic
graph on n vertices with defining number equal to £ — 1. We take the
graph H,, constructed in Case 1, and recognize some nonessential edges
in it. Then we add s new vertices z1,...,zs to H,, delete some suitable
nonessential edges, and join the new vertices to the ends of the deleted
edges. Let Py, Ps,..., P, denote the parts of k-partite graph H,, and as-
sume that all of the vertices in P; are colored i (i = 1,2,...,k). Note that
for each i, |P;| = I. Throughout the proof we let m = |5 ] (m > 2). In
the construction given in Case 1 it is obvious that H, contains H,,_1) as
a subgraph. The graph H,,,(;—1)\G(r) is an (m —2)(k—1)-regular k-partite
graph. Each induced subgraph < P;UP; > of Hy,(—1)\Gix) is an (m —2)-
regular bipartite graph. If m = 2 then H,\Gy) is an (r —2(k — 1))-regular
graph. For convenience we let r —2(k—1) = t. All of the edges in H,\G(y,
are nonessential. There are two cases to be considered.

Case 2.1. k is even.

Let FY{,...,F;_, be a standard 1-factorization of K} with the vertex



set {1,...,k}, such that ik € F]. Let F,; be a l-factor in the induced
subgraph < P, U Py > of Hy,(,—1)\Gixy when m > 2, or H,\G) when
m = 2. Then F; = Ugpep Fap, t =1,...,k — 1, are k — 1 mutually disjoint
1-factors of Hm(k—l)\Gl(I;) when m > 2. If m =2 then F;, i =1,...,t, are
t mutually disjoint 1-factors of H,\G,.

Case 2.1.1. r is even.

If m > 2 then for each z;, i = 1,...,s, at the first step, from each
F,p other than Fj; and Fj,, where p and ¢ are arbitrary and Fg, C Fj,
we delete m edges. Then in the second step we delete | 3| disjoint edges
from each of the 1-factors Fpy, Fy, and Fp,. Since m < [, at least one
edge has remained undeleted in each Fj;, and at the third step we delete

r_2m(§_22)_6“%” edges from the rest of the edges in some arbitrary Fp,
where F,, C F;\Fj. Finally we join z; to the ends of all deleted edges.

For m = 2, if s <t then for each z; (1 < i < s) at the first step we
delete 2 edges from each F,, C F;\Fj;. In the second step we delete an
edge vywy, from the nonessential edges in Gy (see Theorem 1), for an
arbitrary p such that v, is not the end of deleted edges in the first step.

At the third step we delete | —2 "= 4(2 —1)— 2| = |£] edges from the rest of the
edges in some arbitrary Fy, C F; \sz If | =3 and t = k — 2, then there
are % — 1 edges remaining in each F,, C F;\Fj. In this case we delete one
edge of 1-factor Fy, where Fj,, C Fj; we are sure that such an edge exists,
since t is even, forcing ¢t > 2.

For s > t, first we add the edges of ¢ disjoint 1-factors of K in the case of
s even, or the edges of % disjoint 2-factors of K in the case of s odd, to
T1,%2,-..,Ts. Then for each z; we delete k — 1 edges of nonessential edges
of Gy C H, as explained in Theorem 1 and join z; to the end vertices of
them.

Case 2.1.2. r is odd.

Note that in this case s must be even. If m > 2 then for each z;,
i=1,...,s, by an argument similar as above, we join 2m(% —2) + 6(| 2 ])
vertices to z; in the first and second steps. So we delete L%J edges
from the rest of the edges of some arbitrary Fy, C F;\Fj, and join z; to
the ends of all deleted edges. Note that the difference a = r — 2(m(% —
2) + 3% + L%J) is equal to 1 or 3. If @ = 1 then we join z;
to x;41, for 2 = 1,3,5,...,s = 1. If @« = 3 let F,; C F; and Fyy C
F; 11 be the corresponding 1-factors to z; and z;11, respectively, which



are chosen in step 1. Assume ypyp € Fpi, ypyr € Fyr, and ypy, € Fpy
are undeleted edges. We delete the edges {yp ¥k, Yq Yk, Yp¥q} and for each
i, 1 = 1,3,5,...,5s — 1, join z; to the vertices {yp,¥q,yr} and x,4; to
{Yp', Yq', Y }. Since z; is not joined to any vertex in part P; it can be seen
that in each case c¢(z;) =i and deg(z;) =r, fori =1,2,...,s.

If m = 2 we deal with it as we did in Case 2.1.1. Moreover if s < ¢ then we
join x; to xs4q, for i =1,3,5,...,s — 1.

Case 2.2. k is odd.

Let FY,...,F}_, be a standard 1-factorization for the complete graph
K}_1, whose vertex set is {1,...,k — 1}, such that {i,(k — 1)} € F}. If
m > 2, it is clear that F; = Uapeps Fap, @ = 1,..., k—2, are disjoint maximal
matchings of H,(x—1)\Gi(x), and if m = 2 then F;, i = 1,2,...,t - 1, are
disjoint maximal matchings of H,\G/,-

Case 2.2.1. r is even.

If s<k—2(form=2,s <t—1) then for each z;,7 = 1,...,s, we
delete m edges of each Fy;, where Fy, C F;. Also we delete % edges
from the rest of the edges in some arbitrary F,, C F;. Now we join x; to

the ends of all deleted edges.

If s = k — 1 then we deal with z;, fori =1,...,k — 2, as we did before.
For z;_1 we delete m edges of 1-factor Fi;. Note that if m > 4 then each
induced subgraph
< P; U Pj > of Hyyk—1)\Gy(x) has more than one 1-factor. We delete m
edges of another 1-factor from each of < P, U P, >, < PsU P2 >
..., and < Py_1 U Pici iy > Finally we delete % edges from the

2
rest of the edges in some of the above 1-factors, and join z;_; to the ends

of all deleted edges. It is obvious that in this case c(zj_1) = &L

If m = 3, then we delete the edges x;y; for i = 2,...,k — 2 which
were obtained by deleting an edge of Fj_1) C Fj, such that y; is not a
vertex in GG1, and joining xp_; to z; and to y;. Also we delete the edges
of a 1-factor of induced subgraph < ws,...,ug—2 > C G and join xj_1
to the ends of these deleted edges. If % > 0 then [ > 4, and we

can assume that y; is not a vertex in Gy, G;_1, or G;. We delete %
disjoint edges from the nonessential edge set {v;w; | 2 <i < j < k—2} (see
Theorem 1) and join x;_1 to the ends of these deleted edges. It is obvious
that deg(zr—1) =r and c(zp—1) =k — 1.

For m = 2, if s > ¢ then for z; (i < ¢ — 1) we could deal as before. For

10



z; (t <1< s) we delete 2(k — 1) edges from the set of nonessential edges
in Gy, just as we did in Theorem 1. We join z; to the ends of deleted
edges. Then we delete % edges from the rest of the edges in UE;% F;, which
are suitably chosen and join z; to the ends of these deleted edges.

Case 2.2.2. r is odd.

Here n = kl + s must be even, so [ and s have the same parity. We
consider two subcases.

Case 2.2.2.1. | and s are even.

With an argument similar to that for even r, we join each z;,i = 1,...,s
(for m =2, s <t—1) to m(k — 1) vertices. So we delete L%J edges
from the remaining edges in some of 1-factors above. Now we join z; to
the ends of all deleted edges.

Finally for eachi =1,3,5,...,s—1, we choose an undeleted edge y,yp € F;
such that there exists an undeleted edge y;y, € Fiy1. We delete the edge
YaYp and join z; to y, and x;41 to yp. For m = 2, if s > t then we deal
with z; as before for i < ¢ — 1. For z; (t <i < s) we delete 2(k — 1) edges
from the set of nonessential edges in Gy as we did in Theorem 1. Also we

delete (s_giﬂ)t edges from the rest of the edges in Uﬁ;%Fi, and join each x;
(t <i < s) to the ¢ ends of these deleted edges which are suitably chosen.

Case 2.2.2.2. | and s are odd.

Note that in this case the graph H, with n = kl vertices does not exist.
Here first we consider an m(k — 1)-regular k-chromatic graph on n = kl +s,
1 < s <k —1, vertices, the same as in the case of r even, and denote this
graph by H'.

Note that the construction of H' is not dependent on [ and it is the same
as construction of m(k — 1)-regular graph on n = k(I — 1) 4+ s vertices.
Therefore the graph C?l(k)\ﬂ" contains Gy = K}, as a subgraph, and Z_Tl
disjoint (k — 1)-regular bipartite subgraphs, which were constructed on the
vertex sets V(G;), i # 2.

Since k is odd we know that the complete graph K with the vertex set, say
{1,...,k}, has k disjoint maximal matchings. We denote these matchings
by Fl, ey

F}, so that the vertex i ¢ V(F;).

Now we add r —m(k—1) maximal matchings F1, ..., Fy._p,x—1) of G» = K,
to H'. In él(k)\ﬁ’ there are (k — 1)-regular bipartite subgraphs. Adjoint

11



to H', r —m(k — 1) 1-factors of L5 of these subgraphs.

If s <r—m(k—1) then for each z; (1 < i < s) we delete L%J
edges of F;. And we join z; to the (isolated) vertex i and to the ends of
all deleted edges. Since 8 =r —m(k — 1) — s is even, we can partition the
vertices s + 1,5 + 2,...,s + (3 into disjoint pairs of nonadjacent vertices.
Now by joining these pairs of vertices, we obtain a graph of the kind we
need.

If s > r—m(k —1) then for each z;, i <r—m(k—1), we use similar method

as in the above, and then we delete (37T+m(k71%)(“m(k71))

edges from the
rest of the edges in U;_, mk=1) o ,and join each z;, i = r—m(k—1)+1,...,s,
to the r —m(k — 1) ends of these deleted edges which are suitably chosen.
It can be easily seen that deg(z;) =r and ¢(x;) =k, fori =1,...,s. m

Theorem 3. For each k > 3, n > 3k, and r > 2(k — 1), such that
2] = [25] # 25, we have d(n,r, X =k) =k — 1.

E—1 k—1°
Proof. Letn=Fkl+s5,0<s<k—1l,andr=(k—1)Il+¢1<t<k-2
By Remark 1, if an r-regular k-chromatic graph with n vertices exists, then
s > t. First we show that there does not exist such a graph for ¢t = k — 2.
For, if there exists one, say GG, since s > t, then s = k — 1. Also we know
that each chromatic class consists of at most n —r =1+ 1 vertices. On the
other hand since n = kl + k — 1, G must have k — 1 chromatic classes of
size [ + 1 and one chromatic class of size [. And each vertex in a chromatic
class of size I + 1 must be adjacent to all the vertices in the other parts.
This implies that the degree of each vertex in the chromatic class with [
vertices is (I + 1)(k — 1) = r + 1 which contradicts the r-regularity of the
graph G.

Now by a recursive method we construct an r-regular k-chromatic graph
G* with n vertices so that d(G*, X) =k—1. Let ny =n— (n—r) =r and
rin=r—(n—r)=2r—n.
If there exists an ri-regular, (k — 1)-chromatic graph G; with ny vertices
and d(G1, X) = k—2, then by adding n —r new vertices to G and joining
each of these new vertices to all of ny vertices of G, we obtain the desired
graph G*.
If not, then we continue this procedure and let n; = (k — i)l + it — (i — 1)s
and r; = (k—i— 1)l + (i + 1)t — is. If for some i there exists an r;-regular,
(k—1)-chromatic graph G; with n; vertices and d(G;, X) = k—i—1, then we
can construct G* similarly, by constructing the graphs G;_1,G;_o,...,G.

But note that for i = [ t] such a graph exists. For, ;= = 1+ (t s)+s and

l-l-l(t s)+t . Thus for i = [] Wehave—<z<—+1—ﬁ.

< l < 7. And this implies that [ 1 <[#:]. Now

—1

k—i—1 —
Therefore

P k—i—1 k—i—1

12



by Theorem 2 for this ¢ there exists an r;-regular, (k — 7)-chromatic graph
G; with n; vertices and d(G;, X) =k —i — 1. m

Remark 2. Concerning this work there are two questions to be investi-
gated. The first is the determination of d(n,r, X = k) for admissible n such
that n < 3k and r» > 2(k — 1). The second is to determine d(n,r, X = k)
for the remaining values of r (k + 1 <r < 2(k — 1)).
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